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In this paper, we provide another reason that may explain the
wide adoption of outsourcing approach in the semiconductor
industry. We show the fab-lite business model of outsourcing
wafer fabrication to foundries is optimal in the presence of -
demand uncertainty. This is because outsourcing helps the
integrated device manufacturer {largely the brand-producing firm)
to lower its cost of capital investment in the case of low
demand and to improve its capacity allocation in the case of
high demand.
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1. Introduction

In the semiconductor industry, one of the most striking changes
precipitated by rapid technological progress has been wide adoption of
the fab-lite business model. Fab-lite refers to integrated device
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manufacturers or vertically integrated firms with a corporate strategy
bent toward utilizing a fabless approach.! Figure 1 illustrates the
trend of growing number of the fabless semiconductor companies
since 1995. And Figure 2 shows the increasing revenue growth of the
fabless companies in the semiconductor industry.

Specialization and economies of scale have been identified as the
major factors explaining this change. The usual argument is that a
fab-lite model allows the fabless companies and integrated device
manufacturers to focus on new product development by using
efficiently its in-house resources (or facilities) on the one hand. and
permits both front-end foundry (for wafer fabrication) and back-end
foundry (for packaging and testing) to spread the costs of capital
investment over different contracts on the other.

In this paper, we argue that demand uncertainty can be a reason
for outsourcing in the fast changing industry like semiconductor.
Setting aside as explanations for outsourcing of cost advantage
{Abraham and Taylor 1996; Feenstra and Hanson 1996) and corpo-
rate strategy (Deavers 1997; Shy and Stenbacka 2003), we focus on
the effect for outsourcing of demand uncertainty. A basic underlying
idea is that, in the presence of demand uncertainty, outsourcing
renders a firm the flexibility to balance a trade-off between having
in-house facilities shortage while demand unexpectedly surges and
excess capacities otherwise. Although this assumption appears
intuitively simple, it allows us to explore the rationale of cutsourcing
that can provide important insights into the use of fab-lite approach
in a fast changing sector like semiconductor. The main feature of this
analysis is how the presence of outsourcing opportunity under
demand uncertainty will affect a brand-producing firm’s choices of
business model and in-house capital investment. We will show, in the
presence of demand uncertainty, that an outsourcing (or non-
integrated) business model is optimal. By allowing for lower in-house

! “Fabless” refers to the business methodology of outsourcing the
manufacturing of silicon wafers. Fabless companies focus on the design,
development and marketing of their products and form alliances with
foundries, or silicon wafer manufacturers. And “Integrated Device Manufac-
turer (IDM)" refers to a class of semiconductor companies that owns an
internal silicon fab or, alternatively, the fabrication of wafers is integrated
into its business. Nonetheless, even IDMs may undertake some outsourcing
activities. “Foundry” is a service organization that caters to the processing
and manufacturing of silicon wafers. It typically develops and owns the
process technology or partners with another company for it.
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capital investment, outsourcing renders higher profit than it otherwise
would if the option to outsource is not available. Moreover, we also
explore the employment implications of outsourcing with a production
function incorporating both labor and capital. Our results show that
low-wage need not drive an increase in the growing outsourcing
activities. Hence, the general belief based upon cost advantage of low
wage in explaining outsourcing is yet to be further studied.
Throughout, in our discussion of outsourcing, we assume that only
the manufacturing segment of end product is outsourced, that
outsourcing market is competitive. namely, there is a mass of
subcontractors competing for contracts. and that outsourcing is at a
brand-producing firm’s disposal, but with a setup cost.

The paper is organized as follows. After presenting the basic model
in the next section., we characterize the optimal capital investment
under uncertainty with no outsourcing as a benchmark. In section III,
we present results on the choices of business model in equilibrium,
and explore the implications for these decisions of demand un-
certainty. Section IV studies optimal capital investinent under the
business models of integrated and non-integrated production with
demand uncertainty. In section V, we discuss our results and the role
and applicability of the various assumptions that we make on
production technology and distribution of random variable, thus
providing some informal defense for interpreting our model as a
qualitative characterization of reality. And we conclude in section VI.

II. The Basic Model
Consider a brand-producing firm facing an inverse demand 2 of
P=XY"*, (1)

where P is the price, Y total production, £ & (0, 1) an elasticity
parameter, and X denotes an exogenous, absolutely continuous
positive bounded random variable on a complete probability space

®This formulation implies the brand-producing firm alone faces overall
demand shocks. For similar characterization, see, Caballero(1991) for
demand at the individual level facing a single competitive firm; and Pindyck
(21993) for industry-wide demand shock facing a large number of equal-sized
firms.
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(R, F, pP)3 - :
An important message that emerges from Equation (1) suggests the
brand price consists of two components: Product design (for brand
features) and basic manufacture (for total supply). Hence, if we
interpret X as brand-specificity,4 and Y the manufacturing segment
for the brand, then this inverse demand function captures the impact
on price of brand quality and quantity. Alternatively, Equation (1)
characterizes a price reflecting the “qualitative” aspect of market
demand owing to the indefinite outcome of “product innovation”.5

Production of Y requires the use of labor (L) and capital (K) by a
linearly homogeneous technology Y=K'"°L” where (0. 1) denotes
the share of L. To make the point that capital investment is
irreversible and not easily expandable,6 we assume production
facilities must be installed before actual production can.take place.
Hence, the brand-producing firm first decides the amount of capital
investment K (K>0), it then chooses, upon the realization of actual
market demand, labor employment L {L>0). The cost to capital and
labor is denoted by y and w, respectively.

In the presence of demand uncertainty, the brand-producing firm's
problem is whether to adopt an integrated business model - in which
case the firm produces Y using its own facilities to serve the market
demand; or a non-integrated (or outsourcing) model - in which case
market demand is served with in-house production Y and, possibly,
the purchase of y from other firms in the primary market.

In order to make our point in a manner as simple as possible, we
assume the brand-producing firm withholds to itself the design of
product, and decides whether to produce in-house or to purchase
from an independent specialist firm the manufacturing segment of
end product. Hence, in the present model we define outsourcing to
mean that the brand-producing firm purchases the basic manu-
facturing component instead of carrying out the production of such

3The assumption of a bounded X suggests market demand should not
tend to infinite.

* Alternatively, X consists of the variations in consumer taste, the
changes in technology, and even a changing market environment.

®See Levhari and Peles(1973) for a justification of .this characterization
on “product innovation”.

®Abel, Dixit, Eberly, and Pindyck (1996} -and Dixit and Pindyck (1998)
argued that “expandability” of capital investment in the future gives rise to
call option while investigating the relations between optimal investment and

uncertainty.
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component at its own facility, given an identical technology. We
further assume, for simplicity, a unitary marginal cost for each unit
of the manufacturing component. Thus, with the possibility to
outsource basic production, the brand-producing firm faces a cost
structure of

C+y. if y>0.
C+y)Iy-a)=
0. if y=0,

where Iy.q is the indicator function of {y>0}, the price per unit

outsourcing output is normalized to one, and C represents the

setup costs incurred in establishing an outsourcing partnership

with the suitable subcontractor or in monitoring the contracts.?
Hence, the brand-producing firm’'s total production cost is

wL+ YK, if y=0 (in-house production)
TC(K. L, y)= (2)
wL+ yK+(C+y), if y>0 (outsourcing production)

The choices of business model and capital investrnent are made in
the context of uncertainty. Market demand condition is not known
until the firm enters actual production, given the chosen production
mode (¢f. Sandmo 1971: Pindyck 1988). This timing reflects that
outsourcing can serve as a device of mitigating the gap between
unexpected demand shock and in-house production constraints
underlying in capital investment, and that any ex post adjustment is
not possible since it is costly to alter the decisions over business
model or capital investment in the light of new market information.

Using Equations (1) and (2). the brand-producing firm's profit is
given by

7 Grossman and Helpman (2002) provide an intuitive justification for this
formulation since “--- there are fixed costs associated with --- searching for
a potential supplier”. Further, this characterization of total outsourcing cost
is similarly captured by Shy and Stenbacka {2003), who modeled out-
sourcing in terms of a trade-off between the “make-or-buy”™ decision, except
that we consider here a unitary marginal cost per unit outsourcing output.



DEMAND UNCERTAINTY AND CHOICE OF BUSINESS MODEL 309

7K, L=XK' " PL? " *—wL- ¥K, in-house
7K, L y= 3)
7K. L, y)=X(K1 L ﬁ+y )t wL- yK- (C+y), outsourcing

Equation (3} highlights the problem facing a brand-producing firm
in the presence of demand uncertainty, that is, it has to balance a
trade-off between an irreversible capital investment with possible
idle capacity and the option of avoiding such investment but having
to incur a cost for outsourcing partnership and even paying the
subcontractor a premium.

Suppose a business model of integrated production (alternatively,
outsourcing production is not possible) is chosen. This character-
ization corresponds to a standard model of optimal capital investment
under uncertainty in which a monopolist facing uncertain future
demand chooses the amount of capital investment. The following
proposition characterizes the optimal capital investment in a model of
integrated production.

Proposition 1

If it chooses an integrated production mode, then the brand-
producing firm raises its capital investment. K", with a greater
expected market demand. ie..

1 1-8(1-¢)
KN_H‘B (E[X 1- 601~ g ]) €
- L E £

for some positive constant Hg. ..
Proof: See Appendix A. L]

Proposition 1 implies that higher expected market demand will lead
to greater capital investment. Thus, the driving force for a high
demand deserves careful investigation. Successful quality improve-
ment or new product features provide an example. Levhari and Peles
{(1973) showed formally, in a deterministic setting, that quality
improvement (as a form of product innovation) is able to raise market
demand. This question of interpretation is important as it bears upon
the issue of the nature of uncertainty. Indeed, if we interpret X as an
indefinite outcome of product innovation, the brand-producing firm
will increase its capital investment when it expects to successfully
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deliver new invention (or improve upon product quality) even it is not
possible to outsource. Further, the above result also suggests that the
brand-producing firm will increase its capital investment as the
market demand becomes more volatile.8

II1. Choices of Business Model

Proposition 2 below establishes the conditions under which the
business model of non-integrated production (implying the possibility
to outsource) is chosen in the presence of demand uncertainty.

Proposition 2 _
For any C and K. there exists a critical X4(K) such that {i) y°(K)>0
if X>X¢(K), and (ii) y°K)=0 if X<X&(K). where

Be
1 [ Byi-F
— =) K if C=0,
XeK)=
sup{X: 7l L°K). y°(K) < K. LY(K))}, if C>o0,
Proof: See Appendix B. O

Proposition 2 implies that outsourcing takes place only when the
realized market demand is sufficiently large. and that the setup cost
of outsourcing has a decisive impact on firm's choice of business
model. Figure 3 illustrates the role of the outsourcing setup cost in
affecting the outsourcing amount y.

Appropriately interpreted, a sufficiently small setup cost implies a
negligibly low price of contracting with a compatible supplier. Thus,
the outsourcing firm is able to work with subcontractor(s} without
much difficulty whenever the realized market demand exceeds its

8 Given two positive random variables X, and X, each with probability
distribution ¢z, and w2, Using Follmer and Schied (2002), we know that if
is uniformly preferred over u., and X; and X; have the same mean, there
exists a “mean preserving spread” {) such that u;=u€). Since we have
obtained, for given X, and X,, that the relative optimal capital investments
K¥ and K3 exhibiting K¥<Ky Hence, it follows that the brand-producing
firm will increase the capital investment as X becomes “riskier”, ie.. more
volatile.
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in-house capacity limit. This explains the continuous curve charac-
terizing y and X as shown in Figure 3(a). An increase in the setup
cost implies it becomes more costly to engage in outsourcing
activities. The brand-producing firm now faces a trade-off between
gains from outsourcing with rising setup cost and losses due to
capacity shortage when market demand surges. The discontinuity of y
at X&(K) in Figure 3(b) implies the outsourcing firm will not use
outside resources unless the gains from outsourcing exceeds the
setup cost at the marginal level.

Iv. Optimal Capital Investment under Uncertainty '

In the presence of uncertainty, the brand—producing firm chooses
the capital investment to maximize its expected profit conditional on
the available information. Thus, the brand-producing firm faces,
depending upon whether it is possible to outsource or not, an optimal
capital investment problem of

El7"K, LK)}, in-house
max : 4)
E[ 728K, L°(K), y° (KN x-xzmn+ 7 (K, LYENxexs @yl outsourcing

Proposition 3 characterizes the firm’s optimal capital investment
under demand uncertainty with two models of integrated and

non-integrated production,
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Proposition 3

In equilibrium, the capital investment levels with outsourcing and
without, denoted by K& and K" respectively, satisfy the following
properties: (1) K& increases in C. (2) K& tends to K" as C—w.

Proof: See Appendix C. O

Proposition 3 suggests a brand-producing firm will reduce its
capital investment when the option of outsourcing is available.
Nevertheless, it raises such investment for a higher setup cost of
outsourcing. In the extreme, as the cost of outsourcing becomes
prohibitively high, the amount of capital investmnent under out-
sourcing approximates that in the absence of outsourcing. This result
could therefore be interpreted as searching for the “compatible”
partner in the outsourcing relationship. We have, thus, identified the
conditions under which capital investment are chosen in both
business models of integrated and non-integrated production.

V. Discussion

Sections V-A and V-B state, and comment upon, some of the main
properties of the equilibrium results as described in Propositions 2
and 3. Section V-C compares the total outputs under the two modes
of integrated production and non-integrated one. In section V-D we
argue that our results are robust to modification in the technology of
the basic production and in the distribution of the random variable.

A. Implications for Outsourcing Choices of Uncertainty
To explore the implications for choices of business models of

demand uncertainty, we further investigate the properties of X&(K).

Lemma 1
(1) X&(K) is strictly increasing both in C and in K. (2) For any
C=>0, X&(K) decreases in w and is independent of 7.

Proof: See Appendix D. U

Lemma 1 provides an important insight into debates over the
nature of outsourcing. If we interpret X#(K) as the firm boundary,
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then Part (1) of Lemma- 1 implies that idiosyncratic investment and
industry-specific characteristics, such as capital- and/or labor-intensity
for production and knowledge content in the product, and their
interactions play a critical role in determining the outsourcing
choices. Indeed, a low setup cost implies the brand-producing firm
need not devoting much effort while monitoring the existing (or
establishing for} outsourcing relationship. Hence, the boundary
beyond which it chooses for outsourcing is low as the setup cost
drops. Further, the critical value of this boundary is also affected by
factor price. Part (2) of Lemma 1 suggests the higher the wage rate,
the lower the boundary beyond which outsourcing occurs. Appropri-
ately interpreted, the results characterize the growing off-shoring of
basic production abroad from the developed economies subsequent to
an increase in their domestic wages, in particular, under demand
uncertainty. Notice, nevertheless, that outsourcing boundary is
independent of capital price since it was incurred (a sunk cost) prior
to actual production.

B. Implications for Job Losses of Outsourcing

The following Lemma characterizes the conditions for factor employ-
ment, given the chosen business model and optimal capital invest-
ment.

Lemma 2

(1) If (y/1-8)'"Pw/PA’=1. then K&=0, L{=0 and y°=(X(1-
)", Moreover, K&=K" for all C if and only if X=0 as.; and if
PX>0)>0, Ke<K". (@) If (v/1-B) P(w/B)’ <1 and

1 8 1

x1-B-¢) Sl__ﬁ(_ﬁ.) PRI RO g (5)
y ‘w

then K&=K" for all C. Conversely, if (5). does not hold almost
everywhere, K¢ <K".

Proof: See Appendix E. ]
The above results can provide an important insight into the issue of

job losses in the presence of outsourcing. Indeed, Lemma 2 highlights
that the extent of outsourcing is determined crucially by the marginal
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cost of in-house -production relative to the price of purchasing from
the specialized subcontractor. Part (1) reflects that the brand-
producing firm may simply purchase the basic manufacturing
component and not enters the primary market at all if using own
facilities is relatively costly. And Part (2) characterizes a firm's choice
under situations when there is substantial divergence between the
expected market demand and the realized one. This result offers a
justification as to why brand-producing firm does not opt for complete
outsourcing and retains some in-house production capacities (or
capital investment} even though the outsourcing opportunity is
available.

C. Total Output under Integrated and Non-integrated Production.

Theorem 1: In equilibrium. there exists Y&(KO) >Xe(KS) such that

(1) if X>Y&EKSO), then YE+y°>Y"
(2) if X<Y&(KS), then YE&+y°<Y™.

Proof: Using the results in Appendices A-E. it is straightforward to
verify this result. O

Intuitively, greater uncertainty implies a higher required return on
the use of outside resources if outsourcing is adopted. Hence, when
the realized market demand is sufficiently high, the possibility to
outsource provides the firm an avenue for profit increases by raising
total output.

D. Comments on Production Technology and the Distribution of X

How would the results obtained in this paper change if we consider
a general function of the basic production? Would the results change
if a different specification for demand uncertainty is employed? We
now sketch an argument that establishes the outcome is, in fact,
unaffected: That is. the equilibrium choices of business model and
capital investment (in an alternative setting) are identical to the
equilibrium ones (in the present setting).

Clearly, the brand-producing firmn decides the business model and,
simultaneously, the capital investment. In the presence of demand
uncertainty, the adjustment mechanism made available to the firm
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consists of the variable input of labor and the opportunity to
outsource, if chosen. This suggests that capital investment, once
installed, is independent from the variations in market demand. It is,
therefore, evident that our results are robust to any modification of
production technology that involves the use of capital and labor so
long as the assumption of irreversibility and in-expandability for
capital are retained. - :

We have investigated the issue of uncertainty by characterizing X
as random variable. It may, however, be reasonable (in some contexts)
to explore different distribution of this variable. In that case one can
still define the critical value of X&K) and the optimal capital
investment. With such a change in the setting that defines the firm
profit, our results are unaffected. Propositions 1-3 still describe the
equilibrium choices.? '

V1. Conclusion

In this paper, we. show that outsourcing provides brand-producing
firms with increased flexibility in adjusting their resources as new
information about demand conditions become available. This argu-
ment can easily be extended to encompass even anticipated demand
shifts, such as seasonal factors. Thus, outsourcing may well reflect
an effort to deal with non-perfectly positively correlated anticipated
demand variations.

Assessing the importance of demand uncertainty in explaining the
wide adoption of the outsourcing business model would require the
following: First, evaluation of the importance of demand uncertainty
in various industries; second, examination of the extent to which
random demand components are correlated across industries; and
third, investigation for the importance of production networks and
adjustment costs. Although some industry studies seem to confirm
both the presence of a market idiosyncratic uncertainty as well as the
presence of inflexibility in capital investment, the issue at hand still
begs for a more rigorous empirical analysis.

Finally, it is important to note that the interaction between demand
uncertainty and such factors as cost considerations, consumer

? However, with this change, the arguments and proofs are lengthier and
restrictive.
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preferences and strategic interactions - none of which are dealt with
in the present paper - may yield important new insights. In parti-
cular, the welfare implications of outsourcing can be formally add-
ressed once consumer utility is incorporated. Thus, analyses of these
interactions feature high in our research agenda.

(Received 8 July 2005; Revised 30 November 2005)

Appendix A

Proof of Proposition 1

We derive the optimal capital investment using the backward
induction. Upon the realization of market demand, for given K> 0, the
firm chooses an optimal labor employment to maximize

aVK. L)=X(K' °L®%)' - wL- yK.

It is east to verify that the optimal labor employment L"(K) exists
using the first and second order conditions. Hence, the optimal choice
of labor implies a firm profit of

1 (1-B){1-¢)
MK L¥MK)=Gs X" fu-aKg 1-8u-2a _ yg (A.1)

where Gg . is a positive constant depending on S and &.

The firm then decides on its capital investment to maximize the
expected profit, ie.,

1 -8~ g
max E[n"K LKW =Gp [ X" AU~ K 1-80-8a _yK (A.2)

Using standard techniques to analyze the maximization problem of
Equation (A.2), it is easy to verify that the first- and second-order
conditions of (A.2) are satisfied, and, thus, gives us the required
results. Notice that the direction of change of optimal capital
investment under uncertainty depends only on the convexity effect,
ie., for any O0< B<1, K" is convex in X (¢f. Hartman 1972).
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Appendix B

Proof of Proposition 2 )
If outsourcing is possible (y=0). then the firm chooses, for given K,
an optimal labor employment to solve

o)
E’;g}({) nc (K. L. y), (A.3)

To investigate (A.3). we first consider an optimization problem of
“definite outsourcing” {i.e., y>0), that is,

max 78K, L, y)=X(K'"PL%+y)' *~wL—- yK— (C+y). (A.4)

Ly=

Clearly, the relation between n2(K. L, y) and 78(K, L. y) is given
by

72K, L. 0)+C= #2(K. L. 0. for y=0.
78K, L, y)= (A.5)
e (K, L, y), for y>0.

The optimal solution to (A.5) exists if

e
oL

ons . .
T X(1-e)(K'PL® +y) f—1=0.
oy

=X(1-e)K' L +y) ¢ pK' " PLP '—w=0,

This implies that optimal L and y, in equilibrium, must be given by

IOK)= (—5—) k. (A.6)

1
o) =x-a)° - () k. (A7)

Further, it is easy to verify the second-order condition is satisfied.
Using (A.7), we see that g2K)>0 if and only if X>X(K):=(1/(1—¢))
(B/w) P/ "MK © . This implies the value of X plays a crucial role in
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determining the optimal solution of (A.4). Thus. we separate our
discussion into two cases: [we Q: X(w)<X(K)} and jwe Q: X(w)>
X(K)).

'First, on the set (we Q: X(w) < X(K)). we have §°(K)<0. Hence. the
optimal solution to equation (A.4) occurs on the boundary y=0. This
coincides with the case of no outsourcing, and. thus. the optimal
solution of (A.3) is (LYK). y°(K)) = (L"(K). 0).

Second, on the set {we Q: X(w)<X(K)}. an interior solution holds
and (f,O(K). QO(K)) is the optimal solution to (A.4). Note, however, from
(A.5) that

zlK. L, 0)= 78K, L, 0)+C.
We, therefore, compare if ™
#l(K. LOK). §OK)> n"(K. L¥K)).

Since the monopolist involves outsourcing if and only if the payoff
generated from doing so is greater than it otherwise would have
been. For fixed K, define by Fe¢(X, K) the payoff differences between
the two outsourcing regimes, ie.,

FelX, K)= 78K, LYK). 3°%(K) - zMK. LY(K))>O0. (A.8)

A straightforward calculation shows. for any X >X(K). that (3 Fc/
dX)>0. This implies Fc(-.K) is strictly increasing to infinite on
(X(K), o). Furthermore. notice that

Fe(X(K).K)=—C.

It follows that if C=0, Fo(X, K)>Fo(X(K), K)=0 for all X>X(K), and
if C>0, Fo(X(K). K)<0. Since F¢( - .K) is strictly increasing in X to
o on (X(K), ). we know that Fc(X,K)=0 has a unique solution
for X>X(K). And, the solution is given by

XE&K)=sup|X:Fc(X, K)<0). (A.9)
Thus. we have established that Fe(X, K)>Fc(X2(K), K)=0 for all X>

XZ(K). This result suggests that, given K >0, the firm will engage in
outsourcing (y°(K)>0) when X is sufficiently large (Le.. X>XK)).
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Appendix C

Proof of Proposition 3
Due to Proposition 2, we write the monopolist's expected profit as

GelK): =E[nS (K, LK), y (K)) Tpcoxzoo+ 7 (K, LK) Tikaxzuor ] (A.10)
To prove Proposition 2, we proceed in the following four steps.

Step 1. The existence of Kg. Given C=0, differentiating (A.10) with
respect to K, we have . C T

Bl1- g)

i-5(l1-¢9) ' “
(l_g)l—ﬁ(l-é')Kl"ﬁ(l—E) UO(K), (A.ll]

1 - —~g

, 5
oK) =(1-5)[—)
where
i 1 ce- ]

Uo[K)=E[ (X17P=8 _xHKYL B8 )y e (K)I]‘
v 4_._._..l_.._ ) - VRN
+XE§}=(K)I'—/3(1—€) ( 1— [(_—)

Thus, we séparate our discussion of (A.12) into two cases:
M (r/Q-/)""?w/M")=1. Since the first term in (A.12) is
strictly negative for K>0, Gy(K)<0 for any K>0. This suggests

-Go(K) has a global maximum at K=0, ie., Kg' =0.
@ (r/0- -B)""?(w/ AP <1. Due to

’O(K)=M1K_%——§:(Tl.—%)) (p[XEXE(K]]— [(ﬁ)l_ﬁ(i)ﬂ] 1-8 ) .

with a positive constant M;. Using the fact that Uo(0)=0. we
see that Ug(K)>0 if K is small enough. Moreover, we have
established that Uy(K)— — o if K—o, Therefore, there exists a

unique K¢ such that Us(K$)=0, which suggests GO[KO) 0.
Hence, Go(K) has a global maximum at Ko (0, o).

Step 2. Thc emstence of K& for general C. leferentlatmg (A.10)
with respect to K, we have
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£

GelK)=M: K 1-80-2 Uc(K), (A.13)

where M, is a positive constant and

1

1-601-2
i Itx;m<x<xzmn] . (A149)

1

Uc(K) =Uo(K)+E[( X == 9 _ x3(K)
Recall Fe(X&(K), K}=0, and the results obtained in Step 1, we have
UolK)—»>— as K—o. Moreover, notice E[X"/*}<c, the second
term in (A.14) is strictly positive and bounded. Thus, Uc{K)<0 as K
large enough. Together with Uc{0)>0, we have established that
there exists a zero of Ug(K)., which is also global maximum of
Gc(K). This proves the existence of K& for general C.

Step 3. The monotonicity of K®. From (A.13) we have. for fixed K,
Ci1>C2>0,

£

GelK)~Ge(K)=MoK =219 (Ug,(K) - Ue AK)).

Recall, from Lemma 1. that X(K)<XZ,(K)<X&(K). This implies

1 1
UCI (K)—UCI(K)ZE[(X 1-pll-e) —X(";[K) 1-p01-¢) )ILX('-_‘(KI<X<XEI(K)|] >0
Hence
G (K)>Gc.K). (A.15)

for all K. Following the results obtained in Step 2 we know Gc,(K)
has at least one local maximum (which occurs at the points such
that Gc,(K)=0). For simplicity, we assume that Gc¢,(K) has two local
maxima: At K, and at K; with K; <K, (For the case with one and n
local maxima, we may use the similar argument.).

(i) K&, =K,=0. Clearly K2 >0=K¢, .

(i) K, =K:>0, ie., Gg,(Ki)>Gg,(Ks). Due to (20) and since Gg, (K)>
0 for all K<K,. G¢,{K)>Gc,(K)>0 for all K<K,. Following Step
2, we know that Gc.(K)=0 has at least one solution. Together
with Ge, (K)>0 for all K<K,, we see that all the zeros of
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G, (K} is larger than K. ie.. K& >K;= K¢, .

(i) K2, =K, i.e., Go,Ki) <G,(Ko). Due to
K,
Ge,(Ka) =G, () + [ "G, (K)dK,
we have
K2

fK! Ge,(K)dK>0. (A.16)
Suppose that the global maximum of G¢ (K), K&, is less than
K& =K,. Using (A.15) we know G¢{K)>Gp,(K}>0 for all K<K,.
Thus, there exists a solution to Gc,(K)=0, denoted by K&,
between K and K. Furthermore, since G¢,(K2)>Ge,(K2)=0 and
Gc[K)<0 as K large enough (see Step 2), G¢,(K) has at least

one local maximum larger than K., say K. Because of (A.15)
and (A.16). we get

_ 74 Kz
GelB) =G K8)+ [ Ge (KK >GeKe)+ [, G, (K)dK
o K, , o K ,
>GoK2)+ [ GalKdR>Ge KE)+ [ GoRIdK
>Ge,(Ke),
which clearly contradicts the result that K2, is the global

maximum of Gg¢,(K). This implies the global maximum for
G¢,(K) must occur at the place larger than K, ie., K8,>K2r:

K&.
Hence, K& >K2, for C,>C,. In other words. K¢ is increasing in C.
Step 4. Using Equation
(K, L°K), y?(K) = nd(K. LK), Yo KDLx-xzu0+ 7" (K, LED xexz,
and note that X&(K)—c as C—co, it is easy to verify that Gc(K)}—

E[z"(K, LMK))] as C—oo. Further, using Step 3, we know that K@ is
increasing in C, thus K@< K" for all C.
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Appendix D

Proof of Lemma 1

(1) if C=0. then 3X3(K)/ 9K=(e/(1-eN(B/w)*/""?K*"'>0: and if
C>0, using {A.9) and note that Fo(X&(K), K)=0. and that Fc(X. K) is
continuous in K, we know X&K) must satisfy

i I-¢ _B_

X% e(l-g) ¢ + {%) " u-pK-C

Bil- &) 1 a-mu-o W17

_ (ﬁ(l—&‘)) S-S p_eyx MAU-E g 1-Au-a
w

Differentiating (A.17) with respect to K and C, respectively, we have
both 9X&(K)/ 9K and 3XEK)/ dC are strictly positive for any K>0,
implying that X&(K) is strictly increasing both in K and C.

(2) Using {A.17). it is easy to verify that both of 4X3(K)/ dw and
IXHK)/ dw are strictly negative since A<1.

Appendix E

Proof of Lemma 2

(1) (y/0-B)'"%w/B)’=1. Using the results contained in Pro-
position 1 and Step 1 in the proof of Proposition 3, we know if (y/
(1-8)'""Pw/B)° =1, K"=K£=0 if and only if X=0 a.s.

(2) (r/(-B)""°w/B)’<1. As shown in the Step 1 in the proof
of Proposition 3, it is easy to show that if (y/(1 —ﬁ)]"ﬂ(w/ﬁ)ﬂ<1,
the eguation G%(K)=0 has two different solutions 0 and K¢§. and

>0, if Ke(0, KO),
GlK) (A.18)
<0, if K>K&.

Thus, K¥=K¢ if and only if
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’ . 1 . 1 - . -
E[([Xé(KN)) l—ﬁ(l—sl -X l—ﬁ(l_— £) )I(XZX(",‘(K"H]=0~

4

Go(K") =
1

E[X 1—6(1—8)]

This implies ‘that KY=K¢ if and only if

1 1
1-8(1-¢) _x '-fu-9

(x2™) Moaxswm =0, - as.

which is equivalent to
1 | 1 ﬁ 1 N

XTh0-9 < xiKNI-M-e _ 1-5 (_[i_)“ﬁ E[leﬁ{lfsl ] as
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