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This paper presents a Cournot duopoly model based on a con- 

dition when firms are facing cost uncertainty under risk neutrality 

and risk aversion. Each firm conjectures about the rival’s output 

level, and its cost function is assumed to be unknown to its rival. 

The Cournot model shows that the expected utility maximizing firms, 

under risk aversion, show different behaviors from the expected 

profit maximizing firms. This implies that each firm can increase or 

decrease its output, which depends on the interaction between both 

firms under cost uncertainty, assuming that both firms are risk- 

averse.
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I. Introduction

Economists have extensively analyzed the effects of uncertainty on 

the optimizing behavior of a single agent. These economists include 

Sandmo (1970, 1971), Leland (1972), Cheng et al. (1987), Feder (1977), 

Meyer and Ormiston (1985), and Kim et al. (2005). Sandmo (1971) has 

specifically conducted a systematic study of the theory of the firm under 

price uncertainty and risk aversion. He has argued that the uncertainty 

effect on the optimal output level of risk-averse firm is negative. 

Dardanoni (1988) has introduced a unified framework for the analysis 
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of two-argument utility function with a random budget constraint and 

presented the effect of uncertainty on an agent under plausible nor- 

mality conditions. His analysis showed that the optimal level of the 

choice variable increases for mean-preserving increases in risk in the 

distribution of the random parameter if the absolute risk aversion in- 

creases. His results are applied in deriving the rules for efficient taxation 

under uncertainty.

Previous studies on the duopoly model under uncertainty have as- 

sumed that each firm is risk-neutral and can share or exchange its 

information on market uncertainty with its rival. Examples of such 

studies include those of Bresnahan (1981), Clarke (1983a, 1983b), Gal- 

Or (1986), Kirby (1988), Li (1985), Novshek and Sonnenschein (1982), 

Sakai (1990, 1991), Sakai and Yamato (1989), Shapiro (1986), and Vives 

(1984). They have investigated how market uncertainty with either 

unknown market demand or unknown constant marginal cost affects 

firms’ behavior. 

This paper introduces cost uncertainty in a simple Cournot duopoly 

model and extends previous analyses in two directions. First, we assume 

that there is no information sharing or exchange between firms. Each 

firm does not know the other firm’s cost function at the time the output 

is produced. In a Cournot duopoly game, Firm i ’s optimal output choice 

depends on its own cost function and Firm j ’s output choice, which 

also depends on its cost function and Firm i ’s output choice (this type 

of relationship goes on). This implies that, in equilibrium, each firm’s 

optimal output depends on the other firm’s cost function as well as its 

own cost function. Therefore, with uncertainty, each firm has to use its 

beliefs on the other firm’s cost function, and these beliefs can be sum- 

marized in its own subjective probability distribution. Second, we assume 

that firms are risk-averse. We show that under risk neutrality, the well- 

known Cournot equilibrium varies based on the assumption on the ob- 

jective functions of the firms. We also demonstrate that the expected 

utility maximizing firms under risk aversion show different behaviors 

from the expected profit maximizing firms. We adopt the Sandmo’s ap- 

proach (1971) to compare the uncertainty case with the certainty one. 

The equilibrium output under cost function uncertainty is lesser or 

greater than one under certainty, in which it depends on each firm’s 

conjecture about the other firm’s output level. 

This paper is organized into sections. Section 2 presents our basic 

duopoly model and analyzes the expected profit maximizing behaviors 

in it. Section 3 investigates the expected utility maximizing behaviors 
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and compares the results with the certainty case. Finally, Section 4 

discusses the concluding remarks. 

II. Basic Model

We consider a simple Cournot duopoly model in which two firms 

producing identical products face a market demand. The inverse de- 

mand function is derived through P＝a－qi－qj, where qi and qj denote 

the amount of output produced by Firms i and j, respectively, the 

demand intercept is a, and the slope of market demand is one for sim- 

plicity. We assume that technology exhibits constant returns to scale, 

so that Firm i has constant unit cost ci with ci＞0. We briefly repeat the 

well-known results under certainty in which the cost functions are 

exactly known to each other, for comparison with later results under 

cost uncertainty. 

The profit of Firm i is described as 

( )i i j i ia q q c qπ = − − − , for i, j＝1, 2  i≠j.             (1)

The first-order condition for profit maximization through (1) by Firm i is

2 0.i i i j iq a q q cπ∂ ∂ = − − − =                      (2)

The second-order condition is always satisfied because

2 2 2 0.i iqπ∂ ∂ = − <                           (3)

From Equation (2), the optimal reaction function for Firm i is derived 

through

1 ( ).
2i i jq a c q= − −

                         (4)

Therefore, the unique Cournot equilibrium for Firm i, qi
c
 is derived 

through:
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1 ( 2 )
3

c
i i jq a c c= − + , for i, j＝1, 2  i≠j.              (5)

We then introduce the uncertainty through randomness in the cost 

function. Each firm knows exactly its own constant marginal cost but 

has partial information only on the other firm’s marginal cost. That is, 

each firm has its subjective probability distribution on the other firm’s 

constant marginal cost. 

We consider the symmetric uncertainty in which both firms have un- 

certain information on the other firm’s marginal cost. Before proceed- 

ing, we define the random variables to distinguish them from the non- 

random variables in the following way: 

qj|Ω i, cj|Ω i, and π i|Ω j, for i, j＝1, 2 i≠j, 

where Ω i is the set of information available to Firm i.

III. Expected Profit Maximizing Behavior 

(Symmetric Uncertainty)

 

Each firm is risk-neutral and chooses its output to maximize its ex- 

pected profit based on its private information. Firm i ’s expected profit 

given its private information, Ω i, is derived through:

      { }( ) ( )i i i j i i iE E a q q c qπ Ω = − − − Ω
(6)

              { }( )i i j i ia q c E q q= − − − Ω  for i, j＝1, 2 i≠j,

where E is the expectations operator. The first-order condition of (6) is 

( ) 2 ( ) 0.i i i i i j iE q a q c E qπ∂ Ω ∂ = − − − Ω =              (7)

The second-order condition is always satisfied because

2 2( ) 2 0.i i iE qπ∂ Ω ∂ = − <                      (8)

The optimal reaction functions from the first-order conditions for both 
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firms are derived through:

{ }1 1 2 1
1 ( )
2

q a c E q= − − Ω
                     

(9)

and 

{ }2 2 1 2
1 ( ) .
2

q a c E q= − − Ω
                 

 (10)

The unique Cournot equilibrium is derived from solving Equations (9) 

and (10) simultaneously. However, the equilibrium can vary, depending 

on each firm’s expectation, E(qi|Ω j). Firm 1 can only expect Firm 2’s 

reaction with its private information through

         
2 1 2 1 2 1

1( ) ( )
2

E q E a c E q⎧ ⎫⎡ ⎤Ω = − − Ω Ω⎨ ⎬⎣ ⎦⎩ ⎭
                         (11)

                  
{ }2 1 1 2 1

1 ( ) ( ) .
2
a E c E E q⎡ ⎤= − Ω − Ω Ω⎣ ⎦

If we assume that both firms have their private information, Firm 1’s 

expectation on Firm 2’s reaction, E(q2|Ω1), is located between the upper 

bound [E(q2|Ω1)]
u and the lower bound [E(q2|Ω1)]

ℓ. Therefore, Firm 1’s 

optimal output, q1
*, is

q1
min
≤q1

*≤q1
max

.

Similarly, Firm 2’s expectation on Firm 1’s reaction, E(q1|Ω2), is located 

between [E(q1|Ω2)]
u, and [E(q1|Ω2)]

ℓ, and its optimal output, q2
*, is

q2
min
≤q2

*≤q2
max

.

Therefore, the possible Cournot equilibrium for this uncertainty game 

is shown in Figure 1. The point A represents an equilibrium point with 

(q1
c
, q2

c
) being the pair of equilibrium output strategies if both firms 

have perfect information on the constant marginal cost of their rivals. 

The equilibrium is shown in the box of dashed lines if both firms face 

cost uncertainty. There are multiple equilibrium output strategies for 
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FIGURE 1

COURNOT DUOPOLY EQUILIBRIA UNDER SYMMETRIC UNCERTAINTY

two firms in this case.

Let us then look at how the Cournot equilibrium can be derived. 

Consider Equations (9) and (10), which have four unknowns, q1, q2,  

E(q2|Ω1), and E(q1|Ω2). We can solve the problem through an iterative 

substitution method.

     2 3 3

1 1 1 1 1 ( ) 
2 2 2 2 2i i i j iq a c E E c⎛ ⎞ ⎧ ⎫⎡ ⎤= − + − ⋅ ⋅ ⋅ − + Ω Ω + ⋅ ⋅ ⋅⎨ ⎬⎜ ⎟ ⎣ ⎦⎝ ⎠ ⎩ ⎭

                    (12)

         
2 4

1 1( ) ( ) .
2 2j i j i j iE c E E E c

⎧ ⎫⎧ ⎫⎡ ⎤+ Ω + Ω Ω Ω + ⋅ ⋅ ⋅⎨ ⎨ ⎬ ⎬⎣ ⎦⎩ ⎭⎩ ⎭

We assume that the information set of each firm is exclusive to each 

other to simplify the expression:

Assumption 1: Let Firm j ’s expectation on ci be written as, E(ci|Ω j)＝ci

＋bi, where bi is assumed to be a small (relative to ci) non-systematic 

bias. This implies that Firm i ’s expectation on Firm j ’s expectational 

bias, bi, is zero: E(bi|Ω i)＝0. Then 
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[ ( ) ] [( ) ] ( )

{ [ ( ) ] } [ ( ) ]

{ [ ( ) ] } ( ) .

i j i i i i i i i i

i j i i i j i i

i j i j i j i i

E E c E c b c E b c

E E E c E E c c

E E E c E c c b

Ω Ω = + Ω = + Ω =

⋅ ⋅ ⋅ Ω Ω ⋅ ⋅ ⋅ Ω = Ω Ω =

⋅ ⋅ ⋅ Ω Ω ⋅ ⋅ ⋅ Ω = Ω = +

The equilibrium output, using Assumption 1 and Equation (12), is 

derived through

 qi
*                                            (13)

Let the maximum and minimum values for the bias, bj be denoted by 

bj
u
 and bj

ℓ
, respectively, so the equilibrium output for firm i, qi

*, is 

resolved as

qi
min
≤qi

*≤qi
max

,

where qi
min
＝1/3[a－2ci＋(cj＋bj

ℓ
)]＝qi

c
＋(1/3)bj

ℓ
, qi

max
＝qi

c
＋(1/3)bj

u
, and 

qi
c means the Cournot equilibrium output of Firm i without cost uncer- 

tainty. This implies that if Firm i ’s expectation on cj is greater (smaller) 

than real cj, then Firm i ’s equilibrium output, qi
*, is greater (smaller) 

than the certainty equilibrium output, qi
c
. Firm j ’s expectation on Firm 

i’s reaction is also bounded as

  
( ) ( ) ( ) ,

u

i j i j i jE q E q E q⎡ ⎤ ⎡ ⎤Ω ≤ Ω ≤ Ω⎣ ⎦ ⎣ ⎦               (14)

where 
 1( ) ( )

2i j i i jE q a c b q⎡ ⎤ ⎡ ⎤Ω = − + −⎣ ⎦⎣ ⎦  and 
 1( ) ( ) .

2
u u

i j i i jE q a c b q⎡ ⎤ ⎡ ⎤Ω = − + −⎣ ⎦⎣ ⎦

IV. Expected Utility Maximizing Behavior 

(Symmetric Uncertainty)

We briefly introduce the Sandmo’s approach before proceeding. Sandmo 

(1971) has studied the theory of the competitive firm under price uncer- 

tainty and risk aversion. The expected utility of profits can be written 

as 

[ ] [ ]( ) ( ( ) ) ,E u E u px C x Bπ = − −                   (15)

1 2 ( ) .
3 i j ja c c b⎡ ⎤= − + +⎣ ⎦
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where p is the price of output and a random variable with the expected 

value E(p)＝μ , the variable cost C(x) and the fixed cost B.

The first-order condition of Equation (15) is

[ ]( )( ( )) 0.E u p C xπ′ ′− =                      (16)

E(p)＝μ  is the price under certainty to compare with the level of output 

under certainty. Equation (16) can be written as 

[ ] [ ]( ) ( ) ( ) .E u p E u C xπ π′ ′ ′=                     (17)

Subtracting E[u’(π )μ ] from each side of Equation (17), we derive

[ ] [ ]( )( ) ( )( ( ) ) .E u p E u C xπ μ π μ′ ′ ′− = −                (18)

We derive that π＝E[π ]＋(p－μ )x because E[π ]＝μx－C(x)－B. Clearly,

[ ]( ) ( )u u Eπ π′ ′≤   if  p≥μ .                   (19)

It immediately follows that

[ ]( )( ) ( )( ).u p u E pπ μ π μ′ ′− ≤ −                   (20)

This inequality holds for all p. The inequality sign of Equation (19) is 

reversed for p≤μ . However, multiplying both sides of the inequality by 

(p－μ ) will still hold the inequality of (20). Taking expectations on both 

sides of (20) and noting that E[u’(π )] is a given number, we obtain  

[ ] [ ]( )( ) ( ) ( ).E u p u E E pπ μ π μ′ ′− ≤ −

However, the right-hand side is equal to zero by definition; hence, the 

left-hand side is negative. We then know that the right-hand side of 

(18) is also negative. Meanwhile, Equation (18) can be written as 

[ ]( ) ( ( ) ) 0,E u C xπ μ′ ′ − ≤
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and this implies

( )C x μ′ ≤                               (21)

because marginal utility is always positive. Therefore, output under price 

uncertainty is smaller than the certainty output.

We now assume that both firms are risk-averse (u’＞0 and u”＜0). 

The objective function of the expected utility maximizing Firm i is

{ }( ) ( ) .i i i i i j i i iE u E u a q q c qπ ⎡ ⎤⎡ ⎤Ω = − − − Ω⎣ ⎦ ⎣ ⎦              (22)

The first- and second-order conditions of (22) can be written as

( )( ) 2 ( ) 0i i i i i j iE u a q c qπ⎡ ⎤′ Ω − − − Ω =⎣ ⎦                (23)

and

2
{ ( ) 2 ( ) 2 ( )} 0i i i i i j i i i iE u a q c q uπ π′′ ′⎡ ⎤Ω − − − Ω − Ω <⎣ ⎦          (24)

because the second-order condition is always satisfied for the risk- 

averse firms, ui’(․)＞0 and ui”＜0.

E[ui’(π i|Ω i)(a－2qi－ci)]＝E[ui’(π i|Ω i)(qj|Ω i)] is derived from the first- 

order condition (23).

Subtracting E[ui’(π i|Ω i)E(qj|Ω i)] from both sides, we then derive

( )[ 2 ( )] { ( )[ ( )]}.i i i i i j i i i i j i j iE u a q c E q E u q E qπ π⎡ ⎤′ ′Ω − − − Ω = Ω Ω − Ω⎣ ⎦  (25)

We know that:

( )i i i i j i ia q c q qπ Ω = − − − Ω  and ( ) ( ) .i i i i j i iE a q c E q qπ ⎡ ⎤Ω = − − − Ω⎣ ⎦

Therefore,

( ) ( ) .i i i i j i j i iE q E q qπ π ⎡ ⎤Ω − Ω = − Ω − Ω⎣ ⎦
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Clearly, it follows that

( ) ( )i i i i i iu u Eπ π′ ′ ⎡ ⎤Ω ≥ Ω⎣ ⎦ , if ( ).j i j iq E qΩ ≥ Ω

The following inequality now holds for all qj|Ω i,

( ) ( ) ( ) ( ) .i i i j i j i i i i j i j iu q E q u E q E qπ π⎡ ⎤ ⎡ ⎤′ ′ ⎡ ⎤Ω Ω − Ω ≥ Ω Ω − Ω⎣ ⎦⎣ ⎦ ⎣ ⎦

Taking expectations on both sides, we derive

{ ( )[ ( )]} { [ ( )][ ( )]}i i i j i j i i i i j i j iE u q E q E u E q E qπ π′ ′Ω Ω − Ω ≥ Ω Ω − Ω
    (26)

                             [ ( )][ ( ) ( )] 0.i i i j i j iu E E q E qπ′= Ω Ω − Ω =

From Equations (25) and (26), we derive

          { ( )[ 2 ( )]}i i i i i j iE u a q c E qπ′ Ω − − − Ω
                                       (27)

                     [ 2 ( )] [ ( )] 0.i i j i i i ia q c E q E u π′= − − − Ω Ω ≥

This implies that the following inequalities must be satisfied for optimal 

decision:

1 1 2 1
1 ( )
2

q a c E q⎡ ⎤≤ − − Ω⎣ ⎦                     
(28)

and 

2 2 1 2
1 ( ) .
2

q a c E q⎡ ⎤≤ − − Ω⎣ ⎦                    
(29)

The present model shows that each firm does in fact react to the 

other in a way that depends on conjectures based on its information. 

Let rij be Firm i ’s response to the change in Firm j ’s output level. rij is 

equal to －(1/2) under certainty but rij is equal to and less than －(1/2) 

under cost uncertainty. This means that if Firm j reduces its output by 
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1 unit, Firm i increases its output by equal to and less than 1/2 unit. 

This makes Firm i ’s reaction function to move inward by ki (i＝1, 2) 

under cost uncertainty (compared with certainty situation). Let ki be the 

amount of output, qi which is reduced under cost uncertainty by Firm i. 

We follow the Sandmo’s approach (1971) and the certainty equilib- 

rium output, q1
c, can be compared with the uncertainty equilibrium 

output, q1
*, when bi＝bj＝0. Equations (28) and (29), if bi＝bj＝0, become 

1 1 2 1
1 ( )
2

q a c q k= − − −
                       

(30)

2 2 1 2
1 ( ) .
2

q a c q k= − − −
                     

(31)

Equations (30) and (31) show that reaction curves of both firms under 

cost uncertainty are inside their certainty reaction curves.

Solving (30) and (31), the equilibrium outputs under cost uncertainty 

are

*
1 1 2 1

2 4
3 3

cq q k k= + −
                      

(32)

*
2 2 1 2

2 4 ,
3 3

cq q k k= + −
                     

(33)

where q1
c
 is the Cournot equilibrium output under certainty. 

Let kj/ki be the relative size of the amount of output from both firms 

(reduced under cost uncertainty). The values of k’s measure the dif- 

ference of the firms’ reaction between uncertainty and certainty. Uncer- 

tainty in the cost function is generated by random elements, such as 

uncertainty delivery and timing of inputs, uncertain prices of input 

factors, and uncertain technological relationship between input and 

output. Therefore, these risk factors affect the ratio.

We derive three possible cases, when compared with the results under 

certainty situation (Figure 2).

The following theorem is derived after solving (32) and (33).

Theorem

Supposing that both firms are risk-averse, there exist three Cournot 
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FIGURE 2

COURNOT DUOPOLY EQUILIBRIA UNDER RISK AVERSION

2

1

1 2
2

k
k

≤ ≤

2

1

10
2

k
k

≤ ≤

2

1

2k
k

>

equilibrium cases under cost uncertainty: 

Case 1: If , then q1
*≤q1

c
 and q2

*≤q2
c
 

        (representing Area K in Figure 2).

Case 2: If , then q1
*＜q1

c and q2
*＞q2

c 

        (representing Area L in Figure 2).

Case 3: If , then q1
*＞q1

c
 and q2

*＜q2
c
 

        (representing Area M in Figure 2).

The equilibrium output level under cost uncertainty depends on the 

relative size of k1 and k2, that is, the interactive behavior of both firms. 

The followings are observed if the results are compared with the results 

under certainty: (i) both firms reduce their optimal level of output in 

Case 1; (ii) Firm 2 increases its optimal output whereas Firm 1 reduces 

its optimal output in Case 2; and (iii) Firm 2 decreases its optimal 
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output whereas Firm 1 increases its optimal output in Case 3.1

V. Concluding Remarks

This paper presents a Cournot duopoly model based on a situation 

when firms are facing cost uncertainty under risk neutrality and risk 

aversion, and compares the results with certainty case. The Cournot 

duopoly model shows that the expected utility maximizing firms show 

different behaviors from the expected profit maximizing firms under 

cost uncertainty. A comparison with the results under certainty shows 

that each risk-averse firm can increase or decrease its output, which 

depends on the interaction between both firms under cost uncertainty. 

(Received 24 February 2010; Revised 16 August 2010; Accepted 25 

August 2010)
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